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Abstract

In this paper we present an appearance-based approach to mobile robot localization based
on Canonical Correlation Analysis. The main idea is to learn the relation between the
appearances of the environment from a number of training locations and coordinates of
these locations using CCA and then to use this knowledge to estimate the position of the
robot in the localization stage. We present results of several experiments, which show that
this approach is faster and less demanding in terms of space than traditional PCA-based
approach, however in its standard form it yields in general inferior localization results.

1 Introduction

Self-localization is one of the crucial capabilities of a mobile robot that enables autonomous
navigation in the environment. To achieve this, the robot has to collect data about the envi-
ronment and use it to determine its current position. Many types of sensors can be used to
collect the data (sonar, laser beam, infra-red sensors, etc.), however the most natural and non-
intrusive are visual sensors. Visual information is very rich, and as such is also the main source
of information for self-localization of humans and most of the animals.

A plethora of approaches to mobile robot localization based on visual input has been pro-
posed in the past (for a comprehensive survey see [2]). One of those is appearance-based
approach, where robot localization is based directly on the acquired (usually panoramic) 2-D
images. It can be realized using subspace methods, which have been widely used for building
representations of objects or scenes from their appearances. Among them, the most known is
Principal Component Analysis [3]. In this work, however, we focus on Canonical Correlation
Analysis (CCA), which is specifically tailored for regression tasks, such as estimation of the
position.
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CCA [1, 5] is a supervised method, which relates two sets of observations, one set be-
ing composed of training images and the other set of the corresponding measurements (e.g.,
orientations or positions of the robot; see Fig. 1). CCA finds pairs of directions that yield
maximum correlation between the projections of input vectors. We can then perform linear
regression on the obtained projections (canonical coefficients). Later, we can estimate the ori-
entation or position of the robot by using canonical coefficients obtained from a novel image
of the current scene. This approach is significantly simpler and faster then the PCA-based
localization, where all the representations of the training images have to be stored and where
the position of the robot is determined by searching for the representation, which is the closest
to the representation of the novel image [3].
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Figure 1: Principle of CCA-based localization.

In CCA, the number of obtained canonical correlation vectors is bounded by the lower
dimension of the observations. Since the second set of observations (orientation, position of
the robot) is usually low-dimensional, CCA yields only a few canonical correlation vectors.
On one hand this is advantageous, since it speeds up the processing, while on the other hand
the representation holds less information. The main question is if the information contained
in two or three canonical correlation vectors suffices for reliable self-localization. We will try
to answer this question by performing several experiments and comparing the results with the
traditional PCA-based method.

2 Basic CCA and dual formulation

We will first present the basic concepts of canonical correlation analysis. We will review the
standard derivation of CCA and its dual formulation, which enables employment of CCA on
high-dimensional input vectors, such as images. We will follow the presentation and derivation
given in [5].

Given
�

pairs of mean-normalized observations �������� �	
���
������������� � , aligned in the data
matrices �� ��� �������������� ������! IR"$# � and �% �&� �	������������ �	����! IR '(# � , CCA finds pairs of
directions )+*  IR" and )+,  IR ' that maximize the correlation between the projections



)+*�� ��
� and )+,�� �	
� . CCA maximizes the function�!� )+*���� *�,$)+,� )+* � � *�* )+* )+, � � ,�,$)+, � (1)

where � *�* � �� �� �� �  IR"$#�" and � ,�, � �� �% �% �  IR '(#$' are within-set covariance matrices
and � *�, � �� �� �% �  IR"$#$' and � ,�* � �� �% �� �  IR '(#�" are between-set covariance matrices
of input data.

We will refer to the extremum points ) *�� � )+,�� of (1) as canonical correlation vectors,
whereas the projections of the input observations onto the canonical vectors will be referred
to as canonical correlation coefficients. The extremum values � � ��� � )+* � � )+, � � are the
canonical correlations and are as large as possible.

Several approaches to the maximization of (1) have been proposed. Here we present a
formulation with Rayleigh quotient [1]. Let us arrange covariance matrices in block matrices	  IR 
 "�� '�
 # 
 "�� '�
 and �  IR 
 "�� '�
 # 
 "�� '�
 :	 ����� � *�,� ,�* � � � � ��� � *�* �� � ,�, � (2)

and concatenate ) * and )+, into vector ) ��� )+*)+, �  IR"�� ' . It can be shown [1] that the ex-

tremum points ) * � � )+, � of � (Eq. 1) coincide with the stationary points ) � � � )+* � � )+, � � � �
of the Rayleigh quotient �

� )�� 	 )
) � � ) � (3)

According to Generalized spectral theorem, these extremum points can be obtained as the
eigenvectors of the corresponding generalized eigenproblem:	 ) ��� � ) � (4)

Since the matrices
	

and � are of the dimension ������� �! �����"� � , their size directly
depends on the size of the observations. Since vectors representing input images are usually
very high-dimensional, the size of the covariance matrix �!*�* and consequently matrices

	
and� becomes prohibitively large. If the number of the observations

�
is smaller than the size of

the images � , thus �$# � #%� , the following dual formulation of CCA [5] can significantly
improve the efficiency of the calculation of canonical vectors.

Since every solution component vector ) * � lies in the span of the training data i.e., ) * �  & �('�)�� �� � (for proof see [5]), there exists a vector )�** �  IR
�

, so that

)+* � � �� ) ** � � (5)

Considering this, it can be shown that we can set up a dual problem to (4):	 * ) * ��� � * ) * � (6)



where ) * � � ) **)+, �  IR
� � ' � 	 * � � � � **�* �% ��% � **�* � � � � * � � � **�* � �� � ,�, � � (7)

Here, � **�* � �� � ��  IR
� # � is the inner-product matrix, which is significantly smaller

than the covariance matrix � *�*  IR"$#�" when
��� � . Consequently, also the matrices	 *  IR 
 � � '�
 # 
 � � '�
 and � *  IR 
 � � '�
 # 
 � � '�
 are smaller, which alleviates the problem of

high-dimensional data. After the generalized eigenvalue problem (6) is solved, the canoni-
cal correlation vectors ) * � are obtained by projecting the solutions )�** � into the image space
using (5).

3 CCA for self-localization

Appearance-based localization is a twofold procedure: in the learning stage, several panoramic
images are acquired from different positions, which together form a good depiction of the
environment. For each training image ��� the corresponding position 	 � is known (e.g., two-
dimensional vector indicating two offsets from the starting position). Then the CCA (or its
dual formulation) is applied to these two sets of training data. As a result the canonical corre-
lation vectors of both input sets are obtained. Then we project all training images to their CCA
vectors (aligned in the matrix � *  IR"$#$' ) and obtain vectors of canonical correlation coeffi-
cients aligned in the matrix � *  IR '(# � , thus � * � � * � �� . We estimate a linear mapping �
from these � (usually two)-dimensional canonical correlation coefficients to the corresponding	
� using the least squares minimization method, i.e., � � �% � * � . The � canonical correlation
vectors in � * and the matrix �  IR '(#$' form the model of the environment and are the only
data we have to keep. Therefore, we need to store � � � � � elements (or � � � � � � � � � � � � � if
the input data is not mean-centered, therefore we have to keep the mean vectors also).

Later, in the localization stage, all we have to do to estimate the location of the robot ( �	 )
is to capture the panoramic image �� , project it onto the canonical correlation vectors ( ��* �
� * � � � and map the obtained canonical correlation coefficient vector � * using the mapping
function � , thus �	 � �	� * . Therefore, we need to perform only � � � ��
 simple multiplications.

It is evident that the storage and time requirements of this approach are significantly smaller
than in the traditional PCA-based approach [3]. In the latter case, we have to store � principal
vectors ( � # � ) and

� � -dimensional vectors of principal components (or even more if we
want to increase the accuracy of the results by interpolating between the coefficients of the
training images), thus at least � �!� � � elements. Also the time complexity of the localization
stage is significantly higher in the PCA-based approach, since after projecting the novel image
onto the � principal vectors (requiring � � multiplications), we have to search for the closest
point in the � -dimensional principal subspace.

Besides the space and time complexity, the CCA has also an additional advantage over the
PCA-approach. The domain of the results is continuous, while in the case of PCA approach
it is discrete, limited to the training data and interpolations. From these points of view, CCA-
based approach is better suited for mobile robot localization. However the main question is
how good the localization is. Are only � canonical correlation vectors enough for reliable
localization? We will answer this question in the next section.



4 Experiments and discussion

Most of the experiments presented in this section were performed on a sequence of images
taken in CMP lab at the Prague Technical University (six of them are shown in Fig. 2). The
plots in Figs. 3 and 5 depict a map of the lab. The training images were taken from the
positions marked with squares. The actual path of the robot in the test stage (ground truth)
is indicated with green, while the estimated path is marked with blue points and lines. The
error at each test location is depicted as a red dashed line. For most of the experiments such
graphical qualitative results are presented, as well as quantitative results in terms of mean
localization error (the average distance between the actual and the estimated locations). In
these experiments we used 62 training and 100 test panoramic images unwarped and resized
to ���  ���� pixels.

Figure 2: Six training images from CMP sequence.

4.1 2DOF

First we present the results of the localization in two degrees of freedom. The goal was to
determine the two offsets from the origin of the map. We assumed that the robot was able to
determine its orientation (e.g., by using compass or some other technique [3, 6]) thus it was
always rotated in the same direction and we did not have to model all possible rotations. The
results for various approaches are presented in Fig. 3 and Table 1(a).

One can observe that the described CCA-based approach yields 34.77 cm average local-
ization error. All hundred test locations together were processed in 0.02 seconds only. Two
canonical correlation vectors were used to model the environment and 3906 matrix elements
were used altogether to store the model. The PCA-based approach took significantly longer
and produced inferior results when only two principal vectors were used (error 77.37 cm).
However, in this case we were able to use a larger subspace. When we stored 10 principal
vectors, the results were significantly better (error 26.16), and when we used the interpolation-
based approach [3], the results were even further improved, arriving at very good 13.04 cm of
error. The price we had to pay were large storage requirements and very long processing time
(2.77 seconds for hundred images - this processing time could be decreased by implement-
ing a better search algorithm, however it would be still significantly larger than in the case of
CCA-based localization.)

From this we can conclude that CCA-based approach is very fast, however produces in-
ferior results than PCA-based approach in general. The main reason is that we can use two
canonical correlation vectors only, since the dimension of the location vectors is two. One
solution would be to increase this dimension by using kernelized version of CCA [5]. KCCA
yields almost identical results as PCA for equal dimension of the subspace. However, since



0 60 120 180 240 300 360 420
240

300

360

420

480

540

600

660

720

780

840

900

X (cm)

Y
 (

c
m

)

CCA

0 60 120 180 240 300 360 420
240

300

360

420

480

540

600

660

720

780

840

900

X (cm)

Y
 (

c
m

)

PCA, k=2

(a) (b)

0 60 120 180 240 300 360 420
240

300

360

420

480

540

600

660

720

780

840

900

X (cm)

Y
 (

c
m

)

PCA

0 60 120 180 240 300 360 420
240

300

360

420

480

540

600

660

720

780

840

900

X (cm)

Y
 (

c
m

)

PCA interpolation

(c) (d)

0 60 120 180 240 300 360 420
240

300

360

420

480

540

600

660

720

780

840

900

X (cm)

Y
 (

c
m

)

CCA sin

0 60 120 180 240 300 360 420
240

300

360

420

480

540

600

660

720

780

840

900

X (cm)

Y
 (

c
m

)

CCA sin or cos

(e) (f)

Figure 3: Localization in 2DOF: (a) CCA, (b) PCA, k=2, (c) PCA, k=10, (d) PCA, k=10,
interpolated, (e) CCAsin, (f) CCAsincos.



the inverse mapping function from the feature space is unknown, we have to use a similar lo-
calization technique as in the PCA-based localization (interpolation, searching for the closest
point in the subspace), thus all advantages of the CCA-based approach disappear.

A better solution would be to map the elements of location vectors using nonlinear func-
tions whose inverse functions are known. We used sine and cosine of both offsets, and com-
bined them together to obtain the final results. Since sine function yields better results for
smaller parameter values (the errors are smaller for small values of coordinates on Fig. 3(e)),
and cosine function improves the results for large parameter values, the combined results
(CCAtan, CCAsincos in Fig. 3(e) and Table 1(a)) outperform the results of the standard ap-
proach. However, to further improve the results, better mapping functions will have to be
used.

4.2 3DOF

In the second experiment the robot was free to move around the lab and rotate around its axis.
Therefore, we had to model the (in plane) rotations also. We faced this 3DOF problem using
‘spinning images’ approach [3]. From each training image we generated 10 spinning images
by shifting the original image to simulate the rotation. Six spanning images of one location
are shown in Fig. 4. The goal was to estimate all three parameters (two offsets and rotation)
using the enlarged training set.

The results are presented in Fig. 5 and Table 1(b). The CCA-based approach has proven to
be useless. The PCA-based approach could not do the job using three principal vectors either,
however when ten-dimensional principal subspace was used, the results were very good. It is
obvious that the CCA fails to model three parameters with adequate generalization capabilities
using three canonical correlation vectors only. In this case it is even more necessary to increase
the number of parameters in order to make this approach useful.

Figure 4: Six spinning images of one location.

4.3 1DOF

Then we constrained the localization problem to one degree of freedom only. The robot moved
in the straight line across the lab. We captured an image every ten centimeters; 42 panoramic
images of the size ���  ��� altogether (see Fig. 6(a)). We used twelve of them to build the
representation of the lab in the training stage and all of them in the localization stage.

The results are shown in Fig. 7 and Table 1(c). In this case the CCA-based approach
performed quite well, yielding 4.27 cm of error. However, the PCA-based approach again
achieved better results when five principal vectors were used, at the cost of higher spatial and
computational complexity.
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Figure 5: Localization in 3DOF: (a) CCA, (b) PCA, k=10.

It is worth noting that both approaches produce very similar subspace in this one-dimensional
case. Fig. 6(b) shows the canonical correlation vector and the first principal vector, which are
almost equal.

(a) (b)

Figure 6: (a) Six training images in 1DOF sequence. (b) Canonical correlation vector and first
principal vector.
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Figure 7: Localization in 1DOF: (a) CCA, (b) PCAint, k=1, (c) PCAint, k=5.

This is even more obvious in the following one dimensional example. In the training set



we included the spinning images, which were generated from one image only (Fig. 4). The
goal was to estimate the orientation of the robot in the particular position in the room. When
CCA was applied we modelled the orientation with a two-dimensional vector (sine and cosine
of the angle), enabling to extract two canonical correlation vectors.

Fig. 8(a) shows the first two principal vectors, two CCA vectors and the first two KCCA
vectors. One can observe, that they are very similar; the PCA and CCA vectors are equal up
to the sign, while the elements in CCA vectors are only shifted. Therefore in this special case
PCA and CCA produce exactly the same two-dimensional subspace. The plots in Fig. 8(b)
depict PCA, CCA, and KCCA coefficients, which nicely follow sine and cosine functions.
It can be shown that the principal vectors of a set of spinning images are cosine functions
[7, 4]. CCA also finds the canonical correlation vectors, which map the training images into
the coefficients, which are well adapted to the sine and cosine values given in the second
set of observations. Such values are the most natural representations for this problem. It is
also interesting that KCCA finds such representations automatically from the original one-
dimensional representations of the robot orientations (rotation angles) [5].
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Figure 8: (a) First two PCA, CCA, and KCCA vectors, and (b) PCA, CCA, and KCCA coef-
ficients of one set of spinning images.

(a) 2DOF � error secs elements
CCA 2 34.77 0.02 3906
PCA 2 77.37 0.21 4148
PCA 10 26.16 0.23 15044

PCAint 10 13.04 2.77 24500
KCCA 10 26.65 0.23 15044

KCCAint 10 13.12 2.81 24500
CCAsin 2 58.24 0.02 3906
CCAcos 2 34.33 0.02 3906
CCAtan 4 30.65 0.02 6520

CCAsincos 4 27.32 0.03 6520

(b) 3DOF � error secs elements
CCA 3 161.35 0.04 5212
PCA 3 210.63 2.06 8920
PCA 10 39.46 2.07 22360

(c) 1DOF � error secs elements
CCA 1 4.27 0.02 6730
PCA 1 10.00 0.05 6752

PCAint 1 3.76 0.48 7550
PCA 5 9.52 0.06 20256

PCAint 5 1.74 0.56 22650

Table 1: Results for (a) 2DOF, (b) 3DOF and (c) 1DOF.



5 Conclusion

In this paper we presented an appearance-based approach to mobile robot localization based on
Canonical Correlation Analysis. The main idea is to learn the relation between the appearances
of the environment at particular positions, and coordinates of these positions using CCA in the
training stage, and then to use this knowledge to estimate the position of the robot in the
localization stage.

The main advantages of this approach over the traditional PCA-based approach are low
storage requirements and simple and very fast operation in the localization stage. However,
the localization results are inferior in general. The main reason for this is that the dimension-
ality of the representations in CCA-based approach is limited and is very small. Thus, the
representations can not contain enough information to model the environment and the gener-
alization capabilities are not good enough. To improve the results of CCA-based localization
the dimensionality of the representations should be enlarged. This would enable more in-
formation to be stored and used in the localization stage. One approach would be to map
low-dimensional vectors of robot positions using non-linear functions in a high-dimensional
space and perform CCA on the obtained high-dimensional data. This can be achieved using
Kernel CCA, however when using kernels, the inverse mapping from the high-dimensional to
the original low-dimensional space is not known. For that reason all advantages of the CCA-
based approach disappear. In order to retain these advantages, the non-linear functions whose
inverses are known should be used. This is the topic of our current research.
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[6] T. Pajdla and V. Hlavač. Zero phase representation of panoramic images for image based
localization. In CAIP’99, pages 550–557, 1999.

[7] M. Uenohara and T. Kanade. Optimal approximation of uniformly rotated images: Rela-
tionships between Karhunen-Loeve expansion and discrete cosine transform. IEEE Trans-
actions on Image Processing, 7(1):116–119, 1998.


	Text2: Published in proceedings of CVWW'04, pages 205-214, 2004.


