Online Discriminative Kernel Density Estimation

Matej Kristan, Ale& Leonardis
Faculty of Computer and Information Science, Universityjabljana
{matej.kristar},{ales.leonardi$@fri.uni-lj.si

Abstract

We propose a new method for online estimation of
probabilistic discriminative models. The method is
based on the recently proposed online Kernel Density
Estimation (oKDE) framework which produces Gaus-
sian mixture models and allows adaptation using only
a single data point at a time. The oKDE builds re-
constructive models from the data, and we extend it to
take into account the interclass discrimination through
a new distance function between the classifiers. We ar-
rive at an online discriminative Kernel Density Esti-
mators (0dKDE). We compare the odKDE to oKDE,
batch state-of-the-art KDEs and support vector ma-
chine (SVM) on a standard database. The odKDE
achieves comparable classification performance to that
of best batch KDEs and SVM, while allowing online
adaptation, and produces models of lower complexity
than the oKDE.

1 Introduction

Building discriminative models of some process
from the observed data is a central task of many ap-
plications in machine learning. A popular approach to
generating models is to estimate the probability den-
sity function (pdf) associated with the observed data.
In this respectreconstructivanodels such as the Gaus-
sian mixture models, (GMM), (e.qg., [5]) have been suc-
cessfully applied ifbatchoperation, i.e., in situations in
which all the data is observed in advance. In contrast to
reconstructive models, the discriminative models capi-
talize on the discriminative information, however, this
may lead to decreased robustness [4]. A significant
drawback of the purely batch methods is that their esti-
mation becomes increasingly difficult when processing
extremely large amounts of data. Furthermore, in real-
world environments, all the data may not be available

the best estimate of the model from the data observed
so far. This generates the need for models that can be
constructed ironline operation.

Adapting the existing reconstructive GMM methods
to work with online cases, in which only a single data-
point may be observed at a time, is a nontrivial task.
In contrast to the batch incremental models (e.g., [11])
who store and revisit all the data in multiple passes,
the online models have to adapt from a (single) new
data-point and then discard that data-point. The main
difficulty is therefore that the online models have to
maintain sufficient information to generalize well to the
yet unobserved data and have to adjust their complex-
ity without having access to all the observations (future
as well as past). There have been various attempts to
extend thereconstructiveGMMs to online operation,
however, these either imply strong spatio-temporal con-
straints on the data [1, 14], assume constraints on the
shape of the target distribution [8] or require tuning of
parameters to a specific application [15]. Recently, we
have proposed a non-parametric approach calledrthe
line Kernel Density EstimatiofioKDE) [10]. In con-
trast to the other approaches, the oKDE does notimpose
any of the above constraints but assumes only that the
target pdf is sufficiently smooth and produces models
with a high reconstructive performance.

While the purely reconstructive models may contain
redundant information required for discrimination, the
discriminative models disregard the reconstructive in-
formation required for online adaptation. Indeed, Fi-
dler et al. [4] have shown that even in batch methods
accounting for the reconstructive information leads to
improved robustness of the discriminative models. Fol-
lowing their results, we adapt the oKDE framework
to account for the discriminative power of the mod-
els along with the reconstructive, thus arriving at an
online discriminative Kernel Density Estimatavhich
is the main contribution of the paper. The proposed
method allows online adaptation of the discriminative

in advance, or we even want to observe some process models, by maintaining enough reconstructive power to

for an indefinite duration, while continually providing

efficiently adapt to new observations, and can be used to



develop online classifiers. The remainder of the paper
is structured as follows. In Section 2 we briefly review
the oKDE framework, in Section 3 we extend the oKDE
to discriminative models, in Section 4 we evaluate the
approach and the Section 5 concludes the paper.

2 The online Kernel Density Estimation

The online Kernel Density Estimation (0KDE) pro-
duces a generative model from th&dimensional
streaming data as aN-component Gaussian mixture
model

N
p(X) = Zw1¢27 (X - Xi)a (1)
i=1
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wheregs; (x — p) = (27) 8| B| "2 e(— 3= =7 (x=))
is a Gaussian kernel centered @atwith covariance
matrix . We give here only a brief overview of the
oKDE framework and refer the reader to [10] for more
details.

Broadly speaking, the oKDE proceeds in two steps:
Update: Starting with the GMM from the previous
time-stepp;_1(x) and the new observation;, the
oKDE augments they,_;(x) by a Gaussian kernel
¢s, (x — x¢) centered ak;, it automatically calculates
the optimal covarianc&; for that kernel and accord-
ingly readjusts the covariances of the existing kernels
using the online plug-in rule. If required, it also refines
the GMM by splitting up some of the components.
Compress: To maintain a low complexity (i.e., low
number of components) the GMM is simplified from
time to time. The oKDE generates a binary tree among
the components and iteratively merges pairs of com-
ponents until some threshold of a cost function is ex-
ceeded. In[10], the cost function represents the distance
between the distribution before and after the compres-
sion, which penalizes the reconstruction errors.

3 Discriminative KDE

We pose the online discriminative learning as a task
to estimate from a stream of data a set/ofdiscrim-
inative classes, each classdescribed by a Gaussian
mixture modelp(x|c;) and a prior probability(c;). In
principle, we could use the oKDE to construct each of

means that by redefining this cost function to rather take
into account the classification error, the compression
step in the oKDE will lead to models thegduce their
complexitywhile retaining their discriminative power
Assume that we want to compress theth class
mixture modelp(x|c;) INt0 pemp (¢;|x), While minimiz-
ing the induced classification errors. First we have to
rewrite this model into @lassification modelWe con-
sider the class; as apositive examplelassC™*, de-
scribed by a mixture model(C'*|x) = p(c;|x). Then
we collectall the other classet® form a singlenegative
exampleclassC™, p(C™[x) = >_,\; p(c;|x). The pos-
terior over the resulting two-class model is then defined
as

P(CPx) = dc+ (C)p(CT %) + dc- (C)p(CT[x), (2)

wheredc« (C) is a Dirac function centered &t*. The
compressed counterpart of the posterior (2), is obtained
by settingpemp (C 1) = pemp (¢;x):

pcnlp(0|x) =dc+ (C)anlp(O+|X)+5c_ (C)p(C™ ‘)(())

3
From the classification point of view we can say that
p(x|c;) can be compressed intam,(x|c;) as long
as the distance between the corresponding posteriors
p(C|x) andpemp(C|x), does not change significantly.
We therefore require a distance measure between the
posterior before and after compression.

3.1 Distance between two classifiers

We define the distance between the poster{6f|x)
and its compressiop.m, (Cx), given some value of,
using the Hellinger distance [13],

5 [ 010 — pey(CTx)

2.

celc+,c-]

D*(p, pemp|X)
1

(P(C1%)? — pemp(C[x)2)2. (4)

Integrating (4) over the relevant feature spacgives
theexpectedellinger distance

Dz(papcmp) = /DQ(Papcmp|X)p0(X)dX, (5)

where the expectation is calculated over the distribution
po(x) = p(x|CT)p(CF) + p(x|C7)p(C~), with the
priors P(C™) = p(¢;) and P(C™) = 3. p(cj). In

these classes, but, due to its reconstructive nature, the our casepy(x) can be written in the form of a Gaussian

produced models will be likely redundant for classifica-
tion. Indeed, we require the models to contain just so
much of the information to prevent a degraded classi-
fication. Recall that the oKDE simplifies the models
under a certain cost function which measures the re-
construction error induced by compression [10]. This

mixture modelpy(x) = Zi]\il w;¢x, (x —x;) and (5)
becomes

. M
D2(p7pcmp) = Zwi/D2(pvpcmp|x)¢Ei (X - Xi)dx'
=1
(6)



Note that whileD(-, -|x) is a metric, constrained to the  {z;},—1.x, one per each classarrive and the models
interval [0, 1], it is a nonlinear function ok, and the are updated intdp; (x|c;), pt(c;) }i=1:5 . A single time-
integrals in (6) cannot be evaluated analytically. How- step iteration of the approach is outlined in Algorithm 1.
ever, they can be numerically approximated using the In the classification phase a new observatias classi-
unscented transformwhich has been proposed by [9] fied into a clasg by applying the Bayesian rule

for calculating nonlinear transformations of Gaussian .

variables. Similarly to a Monte Carlo integration, the ¢= argcmaXp(Z|ci)p(Ci)' ©)
unscented transformelies on evaluating integrals using '

carefully placed points, callgtie sigma pointover the
support of the integral. Therefore, (6) is approximated Algorithm 1 : The online discriminative KDE

as Input:
M 2d41 {pt—l(X|Ci)7pt—1(ci)}i.:1:K ...the input models.
D2 ) & . D2 oo |G X)W, {z;}i=1.x ... Observations (one per each class)
(P, Pemp) ;w ; (P, Pemp! ™ Xi) Wi, output:
! ) {pe(x]c;), pt(ci) }i=1.x - .. the output models.
where {().x;, W;};_.4 are the weighted sets of ~ Procedure:
sigma points corresponding to theth Gaussian 1:fori=1:Kdo _ o .

original update step of oKDE (Section 2).

Oy, = x,; Ow, =" ®) 3 Update the priop; (c;).
’ 1+k 4: end for
Dy, = x;+ st(@)j : 5 fori=1: K do
. . 6:  Construct the two-class classification model (2)
Dy, = —— 5= Lo j<d by treatingp ;) as a positive example and th
! 2(1+k) " -1 ; otherwise y e (x|c:) P e P €

rest K — 1 models as the negative example.
with 5 — wax((0,m — d), and (vE)), is thejh T Compressp(xic) into pi(xle;) by painwise
column of the matrix square root &,. Specifically, merging components such tha(pe, p:) < Dun.
let UDUT be a singular value decomposition of co- & _€nd for

variance matrix3, such thatU = {U;,...,U;} and

D = diag{\1,..., \a}, then(v/2)y, = vV xUy. Inline )

with the discussion on the properties of the unscented 4 EXperiments

transform in [9], we set the parameterto m = 3.

We have compared the classification performance
3.2 The online discriminative KDE of the odKDE with the online reconstructive KDE,
oKDE [10], and three state-of-the-art batch KDEs: the
The distance functio)(p, pemp) from Section 3.1 cross-validation (CV) KDE [12], the reduced-set den-
penalizes any change of the classification posterior Sity estimator [6] (RSDE) initialized by the CV, and the
which is induced through the compression of the mix- Hall's KDE [7] (Hall). For the baseline classification,
ture models. Small values, i.eD(p,pcmp) ~ 0, we have applied a multiclass support vector machine
mean that the classification does not change, while (SVM)with an RBF kernel[3]. The methods were com-
D(p, pemp) = 1 implies a complete change. In an on- pared on a set of public classifipation problems [2]. (Ta-
line operation, we can therefore simply adapt the oKDE  ble 1). In all experiments, the distance parameter in the
(Section 2) to build and compress a mixture model for OdKDE was set td, = 0.005.
each class separately from the observed data. To pe- The 0dKDE and oKDE were initialized for each
nalize the loss of discrimination during the compres- class using the first 10 samples and the rest were added
sion, we can use the distance measi@, pcmp) as one at a time; this experiment was repeated via four-
the compression cost function. We arrive at an online fold cross validation and for three random data order-
discriminative KDE (0dKDE). In practice, we let the ~ ings. From results in Table 1 we see that the odKDE
odKDE compress the model until the cost function ex- generated models with comparable classification per-

ceeds some (small) threshald,,. formance as the oKDE, but generally with a signifi-
of K models{p;_1(x|c;), p+—1(ci) }i=1:x. FOr sim- INote that, in general, we can also handle cases in which wbser

plicity assume that at time-step K new observations tions come only from a subset of classes at a time.



Table 1. Average classification results. The number of sampl
ality and the number of classes are denoted by

es in each dataset, the dimension-
Ng, Np and N¢, respectively.

Recognition accuragy] (Number of components per class)
dataset Ng Np Nc¢ | odKDE oKDE Ccv RSDE Hall SVM
Iris 150 4 3 | 97%(6.5) 97%(31) 96%(38) 97%(9) 97%(38) 96%(16)
Pima 768 8 2 | 71%(107) 70%(162) 72%(288) 63%(15) 67%(288) 78%(162)
Wine 178 13 3| 97%(2.5) 99%(45) 92%(45) 83%(12) 99%(45) 98%(22)
Letter 20000 16 26| 94%(16) 95%(222) 96%(613) 55%(26) 95%(613) 96%(320)
learnt only by observing aingle example at a time, References

the resulting models exhibit classification performance
similar to the best batch KDE approaches and the SVM,
who optimized their structure having accessatbthe
data. By further inspection of the results (not shown
here due to space constraints), we have observed that [
the odKDE models reached the upper bound on their
complexity relatively early on during learning (e.g., af-
ter 200 samples for thieetter dataset), while their clas-
sification performance further increased through model
refinement. This makes the odKDE a very appropriate
tool for online operation since it produces compressed
models with good classification performance, while at
the same time maintains sufficient reconstructive infor-
mation to allow online refinements of the models from
new observations.
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