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Abstract We propose an approach for online kernel den-

sity estimation (KDE) which enables building probability

density functions from data by observing only a single data-

point at a time. The method maintains a non-parametric

model of the data itself and uses this model to calculate the

corresponding KDE. We propose an new automatic band-

width selection rule, which can be computed directly from

the non-parametric model of the data. Low complexity of the

model is maintained through a novel compression and refine-

ment scheme. We compare the online KDE to some state-of-

the-art batch KDEs on examples of estimating distributions

and on an example of classification. The results show that

the online KDE generally achieves comparable performance

to the batch approaches, while producing models with lower

complexity and allowing online updating using only a single

observation at a time.

1 Introduction

Many tasks in machine learning and pattern recognition re-
quire building models from observing sequences of data. In
real-world environments all the data may not available in ad-
vance, or we even want to observe the process for an indef-
inite duration, while continually providing the best estimate
of the model from the data observed so far. These tasks re-
quire online construction of the models.

A popular approach to generating models from data is to
model the probability density function (pdf) associated with
the observed data. Traditionally, parametric models based on
Gaussian mixture models (GMM) [9] have been applied with
some success in estimation of the pdf when all data are ob-
served in advance. The parametric mixture models typically
require specifying the number of components in the mixture
and may not capture the complete structure of the underly-
ing pdf. Non-parametric methods such as Parzen [21, 11, 28]
kernel density estimators (KDE), with Gaussian kernels, al-
leviate this problem by treating each observation as a compo-
nent in the mixture model and assuming all components have
equal covariances (bandwidths). The problem of KDE is
then how to automatically set this bandwidth. While most of
the literature on the bandwidth selection have dealt with one-
dimensional problems, recently Murillo and Rodriguez [20]
have proposed an efficient method for calculating the multi-
variate bandwidths. One drawback of the KDEs is that their
complexity (number of components) increases linearly with

the number of the observed data. To remedy this, methods
have been proposed to reduce the number of components ei-
ther to a predefined value [11, 28] or by optimizing a data-
based [10] and MDL-based [18] cost functions.

There have been several attempts to merge the non-
parametric quality of the kernel density estimators with the
Gaussian mixture models in online applications. Arand-
jelović et.al. [1] proposed a scheme for online adaptation
of the Gaussian mixture model which can be updated by
one sample at a time. However, a strong restriction is
made that data is temporally coherent in feature space,
which prevents its use in general applications. Priebe and
Marchette proposed an online EM algorithm called active
mixtures [23] which is less sensitive to the data order,
allows adaptation from single observation at a time, and
includes a heuristic for allocating new components. Song
et. al. [24] aim to alleviate the temporal restrictions by
processing data in large blocks. Bischof and Leonardis [4]
use a radial-basis-function (RBF) based network and apply
an MDL-based procedure for basis function allocation
and deletion – they assume a predefined initial rbf size.
Deleclerq and Piater [7] assume each data is a Gaussian with
a predefined covariance. All data are stored in the model
and a heuristic is used to determine when a subset of the
data can be replaced by a single component. Han et. al. [14]
proposed an online approach inspired by the kernel density
estimation in which each new observation is added to the
model as a Gaussian kernel with a predefined bandwidth.
The model’s complexity is maintained low by retaining
only the modes of the distribution, which they approximate
by Gaussians. This approach deteriorates in situations
when the assumed predefined bandwidths of kernels are
too restrictive, and when the distribution is locally non-
Gaussian (e.g., in skewed or uniform distribution). Recently,
Kristan et.al [17] have proposed an online kernel density
estimator, which uses the least assumptions in comparison
to the related methods, but is restricted to one-dimensional
problems.

1.1 Our approach

We propose a, new, multivariate online version of the ker-
nel density estimator, which enables adaptation from only
a single observation at a time. Our approach is grounded
in the following two key ideas. The first key idea is that,
unlike the related approaches, we do not attempt to build a
model of the target distribution directly, but rather maintain a
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Figure 1: A three-step summary of the online KDE iteration (a) and an illustration of the sample model S̃(t) (sample distribution ps(x) along
with its detailed model {qi(x)}i=1:4) (b).

non-parametric model of the data itself in a form of a sample

distribution – this model can then be used to calculate the
kernel density estimate of the target distribution. The sec-
ond key idea is that we treat each new observation as a dis-
tribution in a form of a Dirac-delta function and we model
the sample distribution by a mixture of Gaussian and Dirac-
delta functions. During online operation the sample distri-
bution is updated by each new observation in essentially the
following three steps (Figure 1a): In the first step, we up-
date the sample model with the observed data-point. In the
second step, the updated model is used to recalculate the op-
timal bandwidth for the KDE – here, the main issue is how
to calculate the bandwidth without having access to the pre-
viously observed individual samples. In the third step, the
sample distribution is refined and compressed. This step is
required because, without compression, the number of com-
ponents in our model would increase linearly with the ob-
served data. However, it turns out that a valid compression
at one point in time might become invalid later, when new
data-points arrive. We therefore require a refinement algo-
rithm to detect such events and to recover from them. The
main issues here are: (i) how to devise an optimization which
would efficiently compress the sample model, (ii) how to de-
termine the extent of the allowed compression and (iii) how
to recover from early compressions. To allow the recovery
from early compression, we keep for every component an-
other model of the data that generated that component in a
form of a mixture model with at most two components (Fig-
ure 1b). After the compression and refinement step, the KDE
can be calculated as a convolution of the (compressed) sam-
ple distribution with the optimal kernel calculated at step 2
(see Figure 2).
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Figure 2: Calculation of the KDE pKDE(x) from the sample dis-
tribution ps(x) (Dirac-deltas are depicted by upward arrows).

Our main contribution is the approach for multivariate on-
line kernel density estimation (oKDE), which enables con-
struction of a multivariate density estimate by observing only
a single sample at a time and automatically adjusts its com-

plexity. In contrast to the standard bandwidth estimators,
which require access to all observed data, we derive a method
which can use a mixture model (sample distribution) instead
and can be applied to multivariate problems. To enable a
controlled compression of the sample distribution, we pro-
pose a compression scheme which estimates the distance be-
tween the KDE calculated before and after the compression.
To this end, we propose an approximation to the multivariate
Hellinger distance. We also propose a scheme to detect and
recover from early over-compressions.

The remainder of the paper is structured as follows. In
Section 2 we define our model. In Section 3 we derive a rule
for automatic bandwidth selection. The compression and
model refinement scheme is described in Section 4. The on-
line KDE algorithm is presented in Section 5 and in Section 6
we compare it to some existing online and batch state-of-the-
art KDE algorithms on examples of estimating distributions
and on a classification example. We conclude the paper in
Section 7.

2 The model definition

Each separate data-point can be presented in a distribution as
a single Dirac-delta function, with its probability mass con-
centrated at that data-point. Noting that a Dirac-delta can
be generally written as a Gaussian with zero covariance, we
define the model of (potentially compressed) d-dimensional
data as an N -component Gaussian mixture model

ps(x) =

N
∑

i=1

αiφΣsi
(x− xi), (1)

where

φΣ(x− µ) = (2π)−
d
2 |Σ|− 1

2 e(−
1
2 (x−µ)T

Σ
−1(x−µ)) (2)

is a Gaussian kernel centered at µwith covariance matrix Σ.
We call ps(x) a sample distribution and a kernel density esti-
mate (KDE) is defined as a convolution of ps(x) by a kernel
with a covariance matrix (bandwidth) H (see Figure 2):

p̂KDE(x) = φH(x)∗ps(x) =

N
∑

i=1

αiφH+Σsi
(x− xi). (3)

To maintain a low complexity of the KDE during on-
line operation, the sample distribution ps(x) is compressed
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from time to time. As noted in the introduction, compres-
sions at some point in time may later become invalid as new
data arrive. To detect and recover from these early over-
compressions, we keep an additional model of data for each
component in the mixture model. We therefore define our
model of the observed samples as

Smodel = {ps(x), {qi(x)}i=1:N}, (4)

where ps(x) is the sample distribution and qi(x) is a mixture
model (with at most two components) for the i-th component
in ps(x) (Figure 1b). To obtain a KDE, we need to compute
the optimal bandwidth from all the observed samples, which
are now summarized in the sample model ps(x). In the fol-
lowing we propose a method for calculating this bandwidth.

3 Estimation of the bandwidth

If we retained (did not compress) all the observed samples in
the sample model, then the sample distribution ps(x) would
contain only components with zero covariances (i.e, Σsi = 0

for all i) and the KDE (3) would be defined as p̂KDE(x) =
∑N

i=1 αiφH(x− xi). The goal of all KDE methods is to
determine the kernel bandwidth H such that the distance be-
tween the p̂KDE(x) and the unknown pdf p(x), that gen-
erated the data, is minimized. A classical measure used to
define the closeness of the estimator p̂KDE(x) to the under-
lying pdf is the asymptotic mean integrated squared error

(AMISE), defined as ([27], pp.95-98),

AMISE = (4π)−
d
2 |H|− 1

2N−1
α +

1

4
d2

∫

tr2{HGp(x)}dx,
(5)

where tr{·} is the trace operator, Gp(x) is a Hessian of p(x),
and Nα = (

∑N
i=1 α

2
i )

−1. If we rewrite the bandwidth ma-
trix into H = h2

F for |F| = 1, and assume for now that F

is known, then (5) is minimized at hopt

hopt = [d(4π)
d
2NαR(p,F)]−

1
d+4 , (6)

where the term

R(p,F) =

∫

tr2{FGp(x)}dx (7)

is a functional of the second-order partial derivatives of the
unknown distribution p(x). In principle, this functional
could be estimated using the plug-in methods [27], however,
these are usually numeric, iterative, and assume we have ac-
cess to all the observed samples. In our case, we maintain
only a (compressed) mixture model of the samples, and we
require an approximation to the functional using this mixture
model.

We first note (see, eg., [27]) that R(p,F) can be
written in terms of expectations of the derivatives
ψr =

∫

p(r)(x)p(x)dx. We can then use the sample
distribution ps(x) to obtain the following approximations

p(x) ≈ ps(x) ; p(r)(x) ≈ p(r)
G

(x), (8)

where we approximate the derivative of p(x), p(r)
G

(x), by
using the following kernel density estimate

pG(x) = φG(x) ∗ ps(x) =
N

∑

j=1

αjφΣgj
(x− µj). (9)

The estimate pG(x) plays a role of the so-called pilot dis-

tribution with covariance terms Σgj = G + Σsj and G is
called the pilot bandwidth. Using the approximations in (8)
and the Fact C.2.3. on p.181 in [27], we can approximate
R(p,F) by

R̂(p,F,G) =

∫

tr{FGpG
(x)}tr{FGps

(x)}. (10)

Since ps(x) and pG(x) are Gaussian mixture models,
(10) can be calculated using only matrix algebra:

R̂(p,F,G) =
N

∑

i=1

N
∑

j=1

αiαjφΣgi+Σsj
(µgi − µsj)×

[2tr(AijBij) + tr2(FCij)], (11)

where for each pair (i, j) we have used the following defini-
tions

Aij = (Σgi + Σsj)
−1,

Bij = Aij{I− 2(µgi − µsj)(µgi − µsj)
T
Aij},

Cij = Aij{I− (µgi − µsj)(µgi − µsj)
T
Aij}. (12)

Derivation of (11,12) is rather laborious, and is based on the
M. P. Wand’s [26] study of an integral similar to (10). In the
interest of space we removed the derivation here.

Note that we still have to determine the pilot bandwidth
G of pG(x) and the structure F of the bandwidth matrix
H. We use the empirical covariance of the observed sam-
ples Σ̂smp to approximate both. First we resort to a practical
assumption [27, 8] that the structure of the bandwidth H can
be reasonably well approximated by the structure of the co-
variance matrix of the observed samples, and thus,

F = Σ̂smp|Σ̂smp|−1/d. (13)

We estimate the pilot bandwidth G by a normal-scale
rule [27]. The normal-scale provides a bandwidth that is
optimal in AMISE sense if the unknown distribution p(x) is
in fact normal. While this assumption is too restrictive to di-
rectly estimate H, it is admissable in practice for estimation
of the bandwidths for the derivatives (see, eg. [27] page 71).
The pilot bandwidth using the multivariate normal-scale
rule for the derivative ([27], page 111) is given by

G = Σ̂smp(
4

(d+ 2)Nα
)

2
d+4 . (14)

4 Compression of the sample model

The objective of the compression is to approximate the orig-
inal N -component sample distribution

ps(x) =

N
∑

i=1

wiφΣsi
(x− µi) (15)

by a M -component, M < N , equivalent p̂s(x)

p̂s(x) =
M
∑

j=1

ŵjφΣ̂sj
(x− µ̂j), (16)
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such that the resulting KDE does not change significantly.
Since a direct optimization (e.g., [17]) of the parameters
in p̂s(x) can be computationally prohibitive, and prone to
slow convergence even for moderate dimensions, we resort
to a clustering-based approach. The main idea is to identify
clusters of components in ps(x), such that each cluster can
be sufficiently well approximated by a single component in
p̂s(x). Let Ξ(M) = {πj}j=1:M be a collection of disjoint
sets of indexes, which cluster ps(x) into M sub-mixtures.
The sub-mixture corresponding to indexes i ∈ πj is defined
as

ps(x;πj) =
∑

i∈πj

wiφΣsi
(x− µi) (17)

and is approximated by the j-th component ŵjφΣ̂sj
(x− µ̂j)

of p̂s(x). The parameters of the j−th component are defined
by matching the first two moments (mean and variance) [3]
of the sub-mixture:

ŵj =
∑

i∈π(j)
wi , µ̂j = ŵ−1

j

∑

i∈π(j)
wiµ̂i

Σ̂j = ŵj

∑

i∈π(j)
wi(Σi + µiµ

T
i )− µ̂jµ̂

T
j . (18)

We seek to identify the clustering assignment Ξ(M), along
withM , such that the error of any cluster approximation un-

der the current KDE does not exceed a prescribed valueDth.
In other words, we want to minimize the following composite
error function

E(Ξ(M)) = max
πj∈Ξ(M)

Ê(ps(x;πj),Hopt)

E(Ξ(M)) ≤ Dth, (19)

where Ê(ps(x;πj),Hopt) denotes the local error induced by
the j-th cluster in the resulting KDE. We define this error
next.

4.1 The local clustering error

Let Hopt be the bandwidth estimated from the current sam-
ple distribution ps(x), let p1(x) = ps(x;πj) be a sub-
mixture (17) of ps(x) and let p0(x) be the single-component
approximation (18) of that sub-mixture. We define the local
clustering error as the distance

Ê(p1(x),Hopt) = D(p1KDE(x), p0KDE(x)), (20)

between the corresponding KDEs

p1KDE(x) = p1(x) ∗ φHopt
(x)

p0KDE(x) = p0(x) ∗ φHopt
(x).

In particular, we can quantify the distance between distribu-
tions using the Hellinger distance [22], which is defined as

D2(p1KDE(x), p0KDE(x))
∆
=

1

2

∫

(p1KDE(x)
1
2 − p0KDE(x)

1
2 )2dx. (21)

Note that, while the Hellinger distance is a proper metric be-
tween distributions and is bounded to interval [0, 1] (see [22])
it cannot be calculated analytically for the mixture models.
We therefore calculate its approximation using the unscented

transform [16]. For convenience, the derivation is given in
the Appendix A.

4.2 Compression by hierarchical error minimization

In principle, the global minimization of E(Ξ(M)) (19)
would require evaluation of all possible cluster assignments
for the number of clusters ranging from one to N , which
becomes quickly computationally prohibitive. A significant
reduction in complexity of the search can be obtained
by a hierarchical approach to cluster discovery. Similar
approaches have been previously successfully applied for
speeding up the EM algorithm [19], online visual cate-
gory discovery [12] and controlled data compression with
Gaussian mixture models [11].

In our implementation, the hierarchical clustering pro-
ceeds as follows. We start by splitting the entire sample
distribution ps(x) into two sub-mixtures using the Gold-
berger’s [11] K-means algorithm for mixture models1 with
K = 2. Each sub-mixture is approximated by a single Gaus-
sian and the sub-mixture which yields the largest local error
Ê(ps(x;πj),Hopt) is further splitted into two sub-mixtures.
This process is recursively continued until the largest local
error is sufficiently small and the condition E(Ξ(M)) ≤
Dth in (19) fulfilled. This approach generates a binary tree
with M leafs among the components of the sample distribu-
tion ps(x), in which the leafs of the tree represent the cluster-
ing assignments Ξ(M) = {πj}j=1:M . Once the clustering
Ξ(M) is found, the compressed sample distribution p̂s(x)
(16) is calculated using (17) and (18).

Recall that we keep track of a detailed model for each
component in the sample distribution. The detailed model
q̂j(x) of the j-th component in the compressed model p̂s(x)
is calculated as follows. If the set πj contains only a single
index, i.e., πj = {i}, then the j-th component of the com-
pressed sample distribution is equal to the i-th component
in the original sample distribution and therefore the detailed
model remains unchanged, i.e., q̂j(x) = qi(x). On the other
hand, if πj contains multiple indexes, then the detailed mod-
els corresponding to these indexes are first concatenated into
a single extended mixture model

q̂jext(x) =
∑

i∈πj

qi(x). (22)

Then the required two-component detailed model q̂j(x) is
generated by splitting q̂jext(x) into two sub-mixtures again
using the Goldberger’s K-means and each sub-mixture is ap-
proximated by a single Gaussian using (18).

4.3 Revitalizing the sample distribution

The compression identifies and compresses those clusters of
components whose compression does not introduce a signif-
icant error into the KDE with the bandwith Hopt estimated
at the time of compression. However, during online opera-
tion, new samples arrive, the sample distribution and Hopt

change, and so does the estimated KDE. Therefore, a com-
pression which may be valid for a KDE at some point in time,
may become invalid later on. Such an event can be detected
through inspection of the detailed model of each component

1Note that to avoid the singularities associated with the components in
the sample distribution with zero covariance, the K-means algorithm is car-
ried out on the corresponding KDE.
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in the sample distribution ps(x). Particularly, the compos-
ite error (19) of each component in the sample distribution
model can be evaluated against its detailed model to verify
whether the compression error is stil low enough under the
current KDE, i.e.,

Edetailed = max
i=1:N

Ê(qi(x),Hopt) ; Edetailed ≤ Dth. (23)

Those components in ps(x) for which Ê(qi(x),Hopt) >
Dth are removed from the sample distribution and replaced
by the two components of their detailed model. A detailed
model is then created for each of the new components. For
example, let wiφΣi

(x− µi) be one of the new components.
If the determinant of Σi is zero, then this component cor-
responds to a single datum and therefore its detailed model
is just the component itself. However, in case the determi-
nant is nonzero, it means that the component has been gen-
erated through clustering of several detailed models in the
previous compression steps. Its detailed model is then ini-
tialized by splitting φΣi

(x − µi) along its principal axis
into a two-component mixture, whose first two moments
match those of the original component. More precisely, let
UDU

T = Σi be a singular value decomposition of Σi

with eigenvalues and eigenvectors ordered by the descending
eigenvalues. Then the new detailed mixture model is defined
as

qi(x) =

2
∑

k=1

αkφΣk
(x− µk), (24)

µ1 = FM + µi ; µ2 = FM− µi,

Σk = FCF
T ; αk =

1

2
wi,

where C = diag([3/4,01×(d−1)]), M = [0.5,01×(d−1)]
T,

F = U
√

D and 01×(d−1) is all-zeros row vector of length
(d − 1). The entire compression procedure along with the
revitalization routine is summarized in the Algorithm 1.

5 Online Kernel Density Estimation

Let us denote the model of the samples observed up to time-
step (t− 1) as

Smodel(t−1) = {ps(t−1)(x), {qi(t−1)(x)}i=1:Mt−1
}, (25)

where ps(t−1) is a Mt−1-component sample distribution,

ps(t−1)(x) =
∑Mt−1

i=1
αiφΣsi

(x− µi). (26)

Let Nt−1 denote the number of all observed sam-
ples up to time-step (t − 1). At time-step t we ob-
serve a sample xt and reestimate the sample model
Smodel(t) = {ps(t)(x), {qi(t)(x)}i=1:Mt

} (and hence the
KDE) in the following steps.

Step 1: Update the sample model. The number of ob-
served samples is augmented,Nt = Nt−1+1. Assuming all
observations are equally probable, the sample distribution is
updated by the new observation2 as

p̃s(t)(x) =
Nt−1

Nt
ps(t−1)(x) +

1

Nt
φ0(x− xt). (27)

2Note that (̃·) denotes the updated model before the compression.

Algorithm 1 : Compression of the sample model
Input:

S̃model = {ps(x), {q̃i(x)}i=1:M̃} . . . the M̃ -
component sample model.
Hopt . . . the current optimal bandwidth.
Dth . . . the maximal allowed local compression error.

Output:

Ŝmodel = {p̂s(x), {q̂j(x)}j=1:M}, . . . the compressed
M -component sample model.
Procedure:

1: Revitalize each i-th component in p̃s(x) for which
Ê(q̃i(x),Hopt) > Dth according to Section 4.3 and
replace the sample model with the N -component revi-
talized model: Smodel ←− {ps(x), {qi(x)}i=1:N}.

2: Initialize the cluster set: Ξ(M) = {π1}, π1 =
{1, . . . , N}, M = 1

3: while Dth < max
πj∈Ξ(M)

Ê(ps(x;πj)) do

4: Select the cluster with the maximum local error: πj =

arg max
πj∈Ξ(M)

Ê(ps(x;πj))

5: Split the sub-mixture ps(x;πj) into two sets using the
Goldberger’s K-means: πj −→ {πj1, πj2}.

6: Update the cluster set: M ←− M + 1, Ξ(M) ←−
{{Ξ(M) \ πj}, πj1, πj2}.

7: end while

8: Regroup the components of ps(x) according to cluster-
ing Ξ(M) and construct the compressed sample model
p̂s(x).

9: For each j-th component in p̂s(x) create its de-
tailed model q̂j(x) from the reference detailed models
{qi(x)}i=1:N according to the clustering Ξ(M).

The detailed model q̃M̃t
(x) = φ0(x− xt) corresponding to

xt is added to the existing set of detailed models

{q̃i(t)(x)}i=1:M̃t
= {{qi(x)}i=1:Mt−1

, q̃M̃t
(x)}, (28)

Thus yielding an updated sample model

S̃model(t) = {p̃s(t)(x), {q̃i(t)(x)}i=1:M̃t
}. (29)

Step 2: Reestimate the bandwidth. The empirical co-
variance of the observed samples Σ̂smp is calculated by ap-
proximating p̃s(t)(x) by a single Gaussian using the moment
matching (18). The new optimal bandwidth is then calcu-
lated (Section 3) as

Ht = [d(4π)d/2NtR̂(p,F,G)]
−1

d+4 F,

F = Σ̂smp|Σ̂smp|−1/d,

G = Σ̂smp(
4

(2 + d)Nt
)

2
d+4 , (30)

and R̂(p,F,G) is defined in (11).
Step 3: Refine and compress the model. After the cur-

rent optimal bandwidth Ht has been calculated, the sample
model S̃model(t) is refined and compressed by minimizing
the composite error (19), using the Algorithm 1, into

Smodel(t) = {ps(t)(x), {qi(t)(x)}i=1:Mt
}. (31)
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In our implementation, the compression is called after some
threshold on number of components Mthc has been ex-
ceeded. Note that this threshold does not determine the num-
ber of components in the final model, but rather the frequency

at which the compression is called. To avoid too frequent
calls to compression, the threshold is also allowed to vary
during the online operation using a simple hysteresis rule:
If the number of componentsMt still exceedsMthc after the
compression, then the threshold increasesMthc ← 1.5Mthc,
otherwise, if Mt < 1

2Mthc, then it decreases Mthc ←
0.6Mthc.

After the three steps of the online update have finished,
the sample distribution is a Mt-component mixture model

ps(t) =

Mt
∑

i=1

αiφΣsi
(x− µt), (32)

and the current KDE is calculated according to (3):

pKDEt(x) = ps(t)(x) ∗ φHt
(x)

=

Mt
∑

i=1

αiφΣsi+Ht
(x− µi). (33)

Since oKDE may be initialized using smaller number of sam-
ples than the sample dimensionality, the updates may suffer
from singular covariances. To avoid these, the oKDE and
the new data-point are first projected into a subspace using
PCA, the updates are carried out there, and then the oKDE
is backprojected into the original space.

6 Experimental study

6.1 Estimation of probability density functions

A significant difference between the online and batch algo-
rithms is that the batch algorithms have access to all data,
while the online algorithms discard the data and retain only
their models. These models thus have to retain enough infor-
mation to be able to successfully update when the new obser-
vations arrive. We have therefore compared the performance
of the oKDE with several batch approaches. The first three
were batch state-of-the-art KDE methods: Hall’s et. al. [13]
plug-in (implementation [15]), Murillo’s et. al. [20] cross
validation and Girolami’s et. al. [10] reduced-set-density es-
timator. The fourth method was the batch EM algorithm with
integrated regularization and model selection [9]. We have
compared the oKDE also to the adaptive mixtures (AM) [23],
which is essentially an online EM algorithm for Gaussian
mixture models with automatic component-allocation mech-
anism. The parameters of the adaptive mixtures were set as
in [6].

The experiment involved estimation of two separate dis-
tributions. The first was a 2D sinusoidal distribution defined
by

x = [a, sin(3a) + w]T ; a = 4(t− 1/2) ; w ∼ φσw
(·)

with σw = 0.22 (Figure 3a). The second distribution was a
3D spiral distribution defined by the following model

x = [(13− 1

2
t) cos(t),−(13− 1

2
t) sin(t), t]T + w

w ∼ φΣw
(·) ; t ∼ U(0, 14),

where Σw = diag{ 1
4 ,

1
4 ,

1
4}, and U(1, 14) is a uniform dis-

tribution constrained to interval [0, 14] (Figure 3b). A set
of 1000 samples was generated from the model distribution.
Batch models were estimated from all 1000 samples. In the
online approaches, the first ten samples were used for initial-
ization and the rest were added one at a time. The predictive
performance of the models was evaluated by the average log-
likelihood of additionally drawn 50,000 observations. The
experiment was repeated 20 times. The performance of the
batch an online methods after observing 50, 100, 400 and
1000 samples is shown in Table 1 and Table 2. Among the
batch approaches, the CV performed on average best for 50
samples, but with increasing number of samples, the batch
EM algorithm was superior. Among the online approaches,
the oKDE consistently outperformed the AM in terms of the
log-likelihood even for the values Dth = 0.05. Note also,
that it also required less components to achieve better per-
formance. The oKDE also consistently outperformed the
Hall’s batch KDE in terms of the log-likelihood while re-
quiring significantly smaller number of components – e.g.,
after observing a thousand samples the oKDE required only
rougly 15 percent of number of components compared to the
Hall’s batch KDE.

(a) (b)

Figure 3: Samples from the sinusoidal (a) and the spiral distribu-
tion (b) along with the models obtained by the oKDE0.02.

6.2 Construction of an online classifier

We have compared the classification performance of the
oKDE with three batch KDEs: the CV batch KDE [20], the
reduced-set density estimator [10] initialized by the CV and
the Hall’s batch KDE [13]. For the baseline classification,
we have applied a multiclass SVM with an rbf kernel [5]. We
have usedDth = 0.05 in the oKDE. The methods were com-
pared on a set of public classification problems [2] (Table 3).
The classification performance of the KDE-based methods
was tested using a simple Bayesian criterion

ŷ = arg max
l

pKDE(x|cl). (34)

The parameter for the SVM kernel was determined sepa-
rately in each experiment via cross validation on the training
data set. The classification experiment was conducted via
four-fold cross validation and the results are shown in Ta-
ble 3. On average, the SVM and CV method produced best
classification. The oKDE outperformed RSDE and slightly
Hall’s KDE batch method, and produced a comparable clas-
sification to the SVM and the CV. An important observation
is that the oKDE outperformed, or produced comparable per-
formance, to the batch methods, even though the oKDE was

6
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Table 1: The average negative log-likelihood (L) and the number of components in the model (Ncmp) w.r.t. the number of observed samples
for the experiment with the sinusoidal distribution.

50 samples 100 samples 400 samples 1000 samples
Batch methods −L Ncmp −L Ncmp −L Ncmp −L Ncmp

CV 1.70±0.10 50±0.0 1.52±0.06 100±0.0 1.37±0.02 400±0.0 1.37±0.01 1000±0.0
Hall 2.39±0.04 50±0.0 2.28±0.04 100±0.0 2.09±0.02 400±0.0 1.98±0.01 1000±0.0
RSDE 1.88±0.13 24±4.8 1.63±0.07 43±5.9 1.38±0.02 135±11.0 1.32±0.02 298±38.5
EM 1.90±0.13 6±1.0 1.67±0.11 8±1.3 1.34±0.03 10±2.3 1.26±0.01 11±1.4
Online methods −L Ncmp −L Ncmp −L Ncmp −L Ncmp

AM 2.17±0.10 10±2.7 2.02±0.09 12±2.9 1.83±0.10 17±3.1 1.74±0.11 21±4.0
oKDE0.01 1.95±0.07 16±1.3 1.80±0.04 20±1.5 1.56±0.02 27±2.3 1.44±0.01 33±2.1
oKDE0.02 1.94±0.06 12±1.4 1.80±0.04 14±1.2 1.57±0.02 18±1.7 1.48±0.01 21±2.0
oKDE0.04 2.00±0.08 8±1.0 1.87±0.04 9±1.0 1.72±0.04 10±1.5 1.67±0.04 11±1.2
oKDE0.05 2.01±0.06 7±1.1 1.91±0.05 7±1.2 1.78±0.04 8±1.3 1.73±0.03 9±0.8

Table 2: The average negative log-likelihood −L and the number of components in the model (Ncmp) w.r.t. the number of observed samples
for the experiment with the 3D spiral.

50 samples 100 samples 400 samples 1000 samples
Batch methods −L Ncmp −L Ncmp −L Ncmp −L Ncmp

CV 8.05±0.45 50±0.0 7.39±0.29 100±0.0 6.76±0.02 400±0.0 6.62±0.01 1000±0.0
Hall 8.12±0.33 50±0.0 7.61±0.12 100±0.0 7.15±0.02 400±0.0 6.95±0.01 1000±0.0
RSDE 8.83±0.77 27±6.6 7.87±0.47 57±8.0 6.88±0.06 155±15.0 6.65±0.02 286±6.8
EM 10.36±1.37 6±0.8 9.55±1.07 11±0.9 7.05±0.11 21±1.4 6.58±0.02 22±2.0
Online methods −L Ncmp −L Ncmp −L Ncmp −L Ncmp

AM 8.68±0.17 17±2.9 8.12±0.16 21±3.5 7.29±0.12 31±4.2 6.94±0.10 42±5.1
oKDE0.01 8.08±0.39 24±1.8 7.52±0.10 32±1.6 6.97±0.02 43±3.0 6.75±0.01 46±2.3
oKDE0.02 8.09±0.40 19±1.6 7.52±0.08 23±1.8 6.99±0.02 27±1.8 6.77±0.01 28±1.3
oKDE0.04 8.09±0.32 14±1.0 7.59±0.08 16±1.4 7.06±0.02 18±0.9 6.84±0.02 20±1.0
oKDE0.05 8.11±0.27 13±1.2 7.60±0.09 14±1.3 7.07±0.03 17±0.8 6.89±0.03 18±1.1

constructed by observing only a single sample at a time. In
contrast, the SVM and batch KDEs optimized their structure
by having access to all the samples. A further thing to note
is that, with the exception of the Pima dataset, the oKDE’s
classification performance quite closely matched that of an
SVM, eventhough the oKDE is in its nature reconstructive,
while the SVM optimizes its structure to maximize discrim-
ination.

7 Conclusion

We have proposed an approach for a kernel density estima-
tion which can be applied in online operation (oKDE). The
central point of the proposed scheme is that it maintains a
compressed model of the observed samples and uses this
model to compute the kernel density estimate of the underly-
ing distribution. The oKDE automatically maintains its com-
plexity thorough the process of compression and refinement.
Experiments have shown that, in terms of probability den-
sity estimation, the oKDE produces comparable results to the
state-of-the-art batch approaches and outperforms the online
EM algorithm. In the experiment with classification prob-
lems the oKDE outperformed some batch KDEs and pro-
duced comparable classification to the state-of-the art batch
KDE and the support vector machine. While the proposed
oKDE is a contribution to the literature on kernel density
estimation as such, parts of our approach can contribute to
solutions of some other problems as well. The proposed un-

scented Hellinger distance may be used, for example, as a
general metric in applications where one needs to compare
mixtures of Gaussians (e.g., [11]). Recently, an approximate
probability density estimator was proposed for visual track-
ing in [14]. The estimator is based on KDE, however, the
kernel bandwidth is user predefined. Our bandwidth selec-
tion rule can be directly applied to that estimator to provide
means of automatic bandwidth selection. In our future work
we will apply the oKDE to estimation of non-stationary dis-
tributions and consider extensions to enhance its discrimi-
nation performance, which, we expect, will lead to online
KDE-based probabilistic discriminative models.

A The unscented Hellinger distance

The unscented transform is a special case of a Gaussian
quadrature, which, similarly to Monte Carlo integration, re-
lies on evaluating integrals using carefully placed points,
called the sigma points, over the support of the integral.
Therefore, as in Monte Carlo integration [25], we define an
importance distribution p0(x) = γ(p1(x) + p2(x)), which
contains the support of both, p1(x) as well as p2(x), with γ
set such that

∫

p0(x)dx = 1. In our case, p0(x) is a Gaussian
mixture model of a form p0(x) =

∑N
i=1 wiφΣi

(x− xi),
and we rewrite (21) into

D2(p1, p2) =
1

2

∫

g(x)p0(x)dx =

7
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Table 3: Average classification results (Recog.) and average number of components per class (Ncmp) in the models. The number of samples
in each dataset, the dimensionality and the number of classes are denoted by NS, ND and NC, respectively.

oKDE0.05 CV RSDE Hall SVM
dataset NS ND NC Recog. Ncmp Recog. Ncmp Recog. Ncmp Recog. Ncmp Recog. Ncmp

Iris 150 4 3 97% 31 96% 38 97% 9 97% 38 96% 16
Pima 768 8 2 70% 162 72% 288 63% 15 67% 288 78% 162
Wine 178 13 3 99% 45 92% 45 83% 12 99% 45 98% 22
Letter 20000 16 26 95% 222 96% 613 55% 26 95% 613 96% 320

1

2

N
∑

i=1

wi

∫

g(x)φΣi
(x− xi)dx, (35)

where we have defined g(x) =
(
√

p1(x)−
√

p2(x))2

p0(x) . Note
that the integrals in (35) are simply expectations over a non-
linearly transformed Gaussian random variable X, and there-
fore admit to the unscented transform. According to [16] we
then have

D2(p1, p2) ≈
1

2

N
∑

i=1

wi

2d+1
∑

j=0

g((j)Xi)
(j)Wi, (36)

where {(j)Xi,
(j)Wi}j=0:d are weighted sets of sigma points

corresponding to the i-th Gaussian φΣi
(x− xi), and are de-

fined as

(0)Xi = xi ; (0)Wi =
κ

1 + κ
(j)Xi = xi + sj

√
1 + κ(

√

dΣi)j (37)

(j)Wi =
κ

2(1 + κ)
; sj =

{

1 ; j ≤ d
−1 ; otherwise

(38)

with κ = max([0,m − d]), and (
√

Σi)j is the j-th column
of the matrix square root of Σi. Concretely, let UDU

T be a
singular value decomposition of covariance matrix Σ, such
that U = {U1, . . . , Ud} and D = diag{λ1, . . . , λd}, then
(
√

Σ)k =
√
λkUk. In line with the discussion on the proper-

ties of the unscented transform in [16], we set the parameter
m to m = 3.
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