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Karhunen—-Loéve Expansion of a
Set of Rotated Templates

Matjaz Jogan Student Member, IEEEEmil Zagar, and Alé LeonardisMember, IEEE

Abstract—In this paper, we propose a novel method for effi- Transform. In this contribution we further analyze the problem
ciently calculating the eigenvectors of uniformly rotated images of of rotation and prove that famultiple rotated templatethere
?nfa?[te%f Lem;’:?ri; ASZI‘_’iVeeSSQfOZ‘;' t:ﬁvig?ggsv‘;ﬁi'l ﬁigﬁti}n;agglgﬁlgrt‘;ﬁ'also exists an alternative and faster method of calculation
without a)!:tually decomposing ?he sample covariance matrix. which, in c_ontrast to th_e case of a single template, is based on

complex Discrete Fourier Transform.

Index Terms—Circulant matrices, eigenvectors, Karhunen—  The organization of the paper is as follows. First we review
Loéve expansion, symmetric matrices, Toeplitz matrices. the related work on the eigenvectors of special matrices, such

as those of a Toeplitz or circulant form. In Section Il we sum-
|. INTRODUCTION marize the method of calculating the eigenvectors of a set of

rotated versions of a single template. In Section IV we show
ffow one can generalize this method for a set of several rotating

plates. A practical demonstration of the method is presented

that enables recognition or matching in every possible Orien‘ﬁ’Section V. Finally, in Section VI we give a brief summary of
tion of the target. It is clear that when using direct correlatio e paper ’

a large set of templates must be stored and compared with the
target. Several researchers have therefore used techniques that
compute an optimal approximation of a family of rotated tem- IIl. REVIEW OF RELATED WORK

plates [1]-[3]. In their correspondence in these Transactions, Uenohara and
Among the most popular approximation techniques iRanade [4] describe the relationship between the eigenvectors
computer vision is the so-called Principal Component Analysig a set of uniformly in-plane rotated images of an object and
(PCA), also known as the Karhunen-Loéve expansion, thfk basis vectors of the DCT. They show that the eigenvectors
represents images with features—coefficient vectors—whighe completely defined by the fact that the inner product matrix
are the projections of images onto an orthogonal set of eigefi-the image vectors is a symmetric Toeplitz matrix. As they
vectors. claim, the eigenvectors of the inner product matrix are invariant
Eigenvectors are usually calculated using the singular valgfthe image content and can be generated much more efficiently
decomposition of the covariance matrix. They are then sortggl calculating the DCT transform of the autocorrelation vector.
according to their eigenvalues, which are related to the vatihjs greatly alleviates the computational expense of the training
ance in the set of images that each eigenvector encompassegfse. The authors also mention the relation of their results to
retaining only a small number of eigenvectors with the largegiose obtained by Perona [2] and Freeman [5] on steerable fil-
eigenvalues, we construct an approximation of the learning $gfs. The main drawback of the method described in [4] is that
of images, which is the optimal linear representation in the legstan only be applied for a single in-plane rotated template. In
squared error sense. this article we therefore extend the work of [4] to the case of
In this article we discuss the special properties of th@ultiple in-plane rotated templates.
eigenspace of a set of rotated templates. Our work was pri-as we pointed out in [3], the eigenvectors of a training set
marily triggered by a previous contribution of Uenohara angbnsisting of several rotated objects or scenes can not be cal-
Kanade [4], which explained the tight relationship of theulated directly with the use of DCT. However, the structure of
eigenspace of a single rotated template and the Discrete Cosiii€basis functions calculated by SVD resembled that of a com-
bination of harmonics basis. The properties of the eigenvectors
of Toeplitz matrices have been thoroughly described before in

Manuscript received September 18, 2001; revised December 17, 2002. TR{S ctri e e
work was supported by the Ministry of Education, Science, and Sport of tf%li)s”om [6] or Gray [7] In both works it is shown that a cir

Republic of Slovenia (SI-A, SI-CZ, SI-USA, research program Computer VieUlant matrix (a special case of a Toeplitz matrix) can be diag-
sion - 506), the EU CEC (IST-2000-29375) CogVis project, and the ECVisioonalized by the Fourier coefficient matrix, which is a property
EU (IST-2002-35454) research network. The associate editor coordinatingg}@ will exploit in Section IV.

review of this manuscript and approving it for publication was Dr. Josiane B.

HERE are several applications in computer vision whe
a template or a set of templates must be learned in a

Zerubia.

M. Jogan and A. Leonardis are with the Faculty of Computer and Infor- ||| E|GENSPACEREPRESENTATION OF ASET OF ROTATED
mation Science, University of Ljubljana, SI-1001 Ljubljana, Slovenia (e-mail: '
matjaz.jogan@fri.uni-li.si; alesl@fri.uni-Ij.si). VERSIONS OF ASINGLE TEMPLATE

E. Zagar is with the Faculty of Mathematics and Physics, University of Ljubl- . . . .
jana, SI-1000 Ljubljana, Slovenia. In this section we briefly summarize the procedure for cal-

Digital Object Identifier 10.1109/TIP.2003.813141 culating the eigenspace of a set of rotated versions of a single

1057-7149/03%$17.00 © 2003 IEEE



818 IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 12, NO. 7, JULY 2003

-
.

Fig. 1. Template of a toy hammer rotated by, 80°, 60°, and 90, respectively.

template, as described in [4] and introduce the notation whichThe eigenvectors;, i = 0, ..., N — 1, form an orthog-

will be used throughout the paper. onal basis. Sorted with respect to descending eigenvalyes
As a set of rotated versions of a template we understand iim= 0, ..., N — 1, they represent the best linear approximation

ages captured from a single point of view, but under differenf the image data. Since the number of pixel elemenits an

in-plane rotations. The only constraint is that with the in-plarienage is usually high, the computation of the matixs a time

rotation the information content is preserved. Such is the casmsuming task of high storage demands. However, it is pos-

when rotating an image of an object on a homogeneous baslble to formulate the equations in such a way that it becomes

ground [4] (Fig. 1), or with panoramic images rotated arourglfficient to calculate the eigenvector§ ¢ = 0, ..., N — 1,

the optical axis [3] (Fig. 3). To obtain the images of a templatf the inner product matriQ € RV <Y

in all the possible rotations, we can rotate the original image

sequentially by an angle @fr/N. In the digital case, this rota- X3

tion can be described more accurately, if we warp the image to

T
apolar representation as in Fig. 2. In this case, we canrotatethe Q = X7 X = - [x0 x1 - xy-1]- (1)
image just by shifting the columns accordingly. '
. .. . T
We represent images from the training set as normalized XN-1

image vectors, from which the mean image is subtracted, in an
: ; N . . .
image matrixX € R"™* Since the eigenvectorg, are the solutions o7 Xv! =

X=[xo x1 -+ Xy_1] \ivi, we can calculate the eigenvectors ok X7

byXXTXv! = X\Xv. [8]. In this way, we derive the

wheren is the number of pixels in the image ad is the
number of images.

The most straightforward way to solve the eigensystem is
calculate the SVD of the covariance matfixe IR"*" of this

eigenvectorsy; of the covariance matrix just by projecting the
Yé on the set of images

normalized vector matrix v, = L Xv'.
X Noriun
x{ . _
C=XX"=[xy x1 - xn_1] : . Uenohara and Kanade [4] showed that in the case of animage
: set consisting of rotated examples of one original iméyes a
x%_, circulant symmetric Toeplitz matrix and its eigenvectefsare
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Fig. 2. Warped template of a toy hammer rotated®0°, 60°, and 90 by shifting the columns.

Fig. 3. Panoramic image obtained with a catadioptric omnidirectional camera.
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Fig. 4. First six eigenvectors of the uniformly rotated template of a toy hammer.

therefore not dependent on the contents of the imageés(ik We can therefore compute the eigensyster® gdist by first

of the form computing the autocorrelation vector
do e iN-2 N1 [qo7 q1, 92, - - -, QN—I]
qN -1 qo0 q1 T qN -2
Q= |qv-2 qnN-1 Qo q1 e | and then by calculating the; values, which should be after-
e e e wards sorted by decreasing magnitude. The eigenvecaxs -
q1 - gN—2 qN-1 Qo responding td: largest eigenvalues can then easily be selected

from the corresponding basis vectors of the Discrete Cosine

It can be derived from thehift theorenf9], that the eigenvec- Transform (DCT) [4]

tors of a general circulant matrix are thebasis vectors from

the Fourier matrixt’ = [vg, vi, ..., viy_4], where , |:7I'(2m + 1)7;] m=0,...,N—1
Vjpy = €OS | —————— | ;
s -] o 2N i=0,..., k-1
A —1} =0,...,N—1 . . .
Vi [ I ’ T Thus, with the help of the DCT, it is possible to compute the

andw = ¢~27/N  j = \/—1. The eigenvalues can be calculateg_as's vectors much more efficiently. Examples of the first

simply by retrieving the magnitude of the DFT of one rowf six eigenvectors for the uniformly rotated template of the toy
hammer can be seen in Fig. 4.

N—-1
_ 1k
Ai = Z kW IV. GENERALIZED METHOD FOR A SET OF
k=0 SEVERAL ROTATED TEMPLATES

This interesting property also emphasizes the central point OfWhen dealing with multiple templates, the calculation de-

the' Fourier analy'sis,. as itindicates thqt the Fourier b,aSiS dia%%’ribed in the previous section can not be applied. In this case,
nallzgs every perlodlc constant coefficient operator, in .our c deal withP different templates (images), each of them being
the circular shift operator [10]. In other words, all basis .fun%tatedN times (Fig. 5). In this case, we cannot directly apply
tions of the Fourier transform are eigenvectors of the cwculme previous approach to the calculation of eigenvectors of cir-

Sh'ﬂ. operator [9]. L . culant matrices, since the inner product matfix
Sincegq; = gn-—i, OUr matrix is circulant symmetric, and

therefore we can choose an appropriate set of real-valued or- Qoo Qo1+ Qo,pr-1
thogonal eigenvectors. As it turns out, the proper basis are the 4 _ y7y _ | @10 Qu - Qup
cosine functions from the real and the sine functions from the o e e e
imaginary part of the Fourier matrix [10]. Qp-1,0 Qpr-1,1 -+ Qp-1,p-1

INote that in the case of rotating a digital image, this is just an approximatidis, COMposed of Seyeral circulant blOd@%, which are, in gen-
unless we use the polar representation of images, as in Fig. 2. eral, not symmetric. However, as we will show, it is still pos-
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Fig. 5. Original templates of five objects (first row), and warped images of the original images in three orientations.

sible to calculate the eigenvectors without performing the S\iBhere

decomposition ofX . Mo N o s
We have to find a solution of the eigenvalue problem i i L
A = 10 11 s )‘1, P-1
Aw' = pw’ (2)
where(p, w’) is the eigenpair ofd. The fact that the matrix /\foq,o /\?71, SRR /\33‘71,P71

blocks@ ;i of A are circulant matrices is crucial. As it was aland
ready mentioned, every circulant matrix can be diagonalized

in the same basis by Fourier matrix. Consequently all the a; = [aio, i1, -, i p1]”
submatrices?) ;. have the same set of eigenvecters i =

0, ..., N — 1. Following [11], we shall find the eigenvectorsSINc€Qjx = fj'_it can be proved thad" is Hermitian and
w’ of A among the vectors of the form we haveP linearly independent eigenvectats, which provide

P linearly independent eigenvectosg in (3). Since the same
wi = [aiovi, aavil, . a P71V£T]T (3) procedure can be performed for every we can obtainV - P
linearly independent eigenvectors 4f
It is therefore possible to solve the eigenproblem ushg
s decompositions of ordeP. SinceP represents the number of
, , i unique templates and is therefore usually small in comparison
Z Qirlainv;) = paijvi,  j=0,..., P—1L to the total number of imagéd3- N, this method offers a similar
k=0 improvement as the method in [4]. Assuming that the time com-
Sincev; is an eigenvector of every ;;, the equations simplify plexity of decomposing a x n matrix is O(n?), our method

where; = 0, ..., N — 1. Equation (2) can be rewritten block-
wise as

to accomplishes the task - O(P?) time instead oD ((N - P)?).
rol Py , ) However, by looking at the properties of the circulant ma-
Z @ik Ajp Vi = MOV, j=0,....,P—1 trices one can deduce, that this method works only if we use
k=0

o . . ~ the complex Fourier basis as the eigenvector set for the circu-
where )}, is an eigenvalue o). corresponding tov;. This a0t matrix. In fact, this set of basis vectors is the only common
implies a new eigenvalue problem eigenspace for all the submatriags; from A. Further, as it was

Na; = poy; (4) shownin Sancheet al.[12], all the matrices that have the DCT
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Fig. 6. First 40 components of the eigenbasis. Pairs of vectors that differ only in phase form a complex eigenvector.

as their eigenvectors are generally full matrices of the form oftlae same eigenvalue. Therefore, the real and imaginary parts of
Toeplitz matrix combined with a near-Hankel matrix scaled bgomplex eigenvectors are also real eigenvectord.d8y con-
some constant factors [10]. Since our mattixioes not belong sidering the multiplicity of the eigenvalues, we can construct the
to this class, we cannot use any of the known DCT basis furreal set of eigenvectors as follows: in the case of a simple eigen-
tions to diagonalize it in a real basis effectively as in the casalue, the corresponding eigenvector is already real, or can be
of a single template [4]. Therefore, using a complex basis in tbhétained by normalizing the complex one by its nonzero com-
calculation of the final representation results in a complex setpdnent. In the case of double eigenvalues, the real set of eigen-
eigenvectorsw,. vectors can be generated by selecting just one of the conjugated
Since both the covariance matfikxand the inner product ma- pair of the complex eigenvectors with the same eigenvalue and
trix A are symmetric matrices, they obviously have real eigetaking its real and imaginary parts as a new pair of real eigen-
values and eigenvectors. We can find them by using the fakectors with the same eigenvalue. In a general case, the real
lowing observations. The symmetric structure of the real matrgigenvectors can be obtained by the orthogonalization of the set
A implies that the eigenvectors come in conjugated pairs with real and imaginary components of the complex eigenvectors.
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Fig. 7. A map of an indoor environment which was represented by an appearance-based model constructed from the set of images acquired at 6®fsabitions de
with squares.

However, in practice, when dealing with images, it is not likelintuitive for sets of templates that are quite different in their ap-
that such a case would occur. So, the proposed method turnspmarance, it gets clearer when we look at specific situations. One
to be very efficient in practical applications. An example of thef the possible applications where our algorithm shows its po-
basis set of eigenvectors can be seen in Fig. 6. tential is the task of appearance-based localization, where the
However, one can use also the complex basis; in this caseappearance of the environment is represented by a training set
reduce every conjugated pair to a single complex eigenvectofrpanoramic snapshots representing distinct locations in the en-
Since pairs of trigonometric functions are more intuitively desironment [3]. Examples of four panoramic views can be seen
scribed in the complex space, calculations with such a basis aréig. 7.
even easier than with the real one. It is easy to demonstrate that if the panoramic sensor has a
fixed orientation, two images taken at nearby positions tend to
be strongly correlated. Since correlation is related to the dis-
tance of image projections in the eigenspace [13], it is obvious
that by interpolating that representation one can get a much finer
(although approximate) representation of the appearance of the
environment from the neighboring positions. By virtually ro-
Our algorithm opens up many possibilities of use in practictdting all of the panoramic images in order to represent multiple
applications. As we show here, there exist specific recognitiomplane rotations of the robot, the problem to solve is identical
problems that require multiple rotated templates to be encotn-that of multiple rotated templates. One could argue that each
passed in a single eigenspace which makes possible to intefdpoation could be represented by its own eigenspace, however,
late the model in order to represent images that were not ext interpolated representation is possible only if all of the posi-
plicitly included in the training set. Although this may not bdions are represented in a unique eigenspace.

V. PRACTICAL DEMONSTRATION—APPEARANCEBASED
REPRESENTATION OF ANENVIRONMENT USING AN EIGENSPACE
OF ROTATED PANORAMIC IMAGES
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Fig. 8. First 56 eigenvectors constructed from the set of 62 panoramic images, each rotated (shifted) 50 times.

To further explore the topic, we performed a set of experi- We demonstrated the practical application of our method by
ments that show the advantage of our method in the case of epAstructing an appearance-based model of an environment,
pearance-based mobile robot localization. As a testing platforwhich can be used for the task of mobile robot localization.
we used a mobile robot equipped with a panoramic camera. Thiace there is a need for explicit interpolation of the representa-
idea was to perform an exploration phase and construct a motileh in order to represent in-between positions, the task to solve
of an indoor environment by acquiring panoramic images at @2 identical to that having a set of multiple rotated templates
measured positions. In our experiment, we chose these positiatisch have to be represented in a unique eigenspace.
to be on a 60« 60 cm squared grid, denoted as squares in Fig. 7.
The first 56 eigenvectors calculated from these images and their
rotated versions can be seen in Fig. 8.

To build a denser representation we interpolated the coeffi-
cients of training images on a% 5 cm grid. The interpolated  [1] S. Yoshimura and T. Kanade, “Fast template matching based on the
coefficients for rotated versions of images were also generated. ngg?g:eldgg(;"e'at'o” by using multiresolution eigenimagesproc.

In that way, intermediate positions are also represented in thgz) p. perona, “Deformable kernels for early vision,” Rioc. CVPR'91

model although no images from those positions were included 1991, pp. 222-227. _ o o
in the trammg set. [3] M. Jogan and A. Leonardis, “Robust localization using eigenspace of
spinning-images,” inProc. IEEE Workshop Omnidirectional Visipn
June 2000, pp. 37-44.
[4] M. Uenohara and T. Kanade, “Optimal approximation of uniformly ro-
VI. CONCLUSIONS tated images: Relationships between Karhunen-Loeve expansion and
discrete cosine transform|EEE Trans. Image Processingol. 7, pp.

We have shown how to compute the K—L expansion of a set = 116-119, Jan. 1998.

. . L. . . [5] W. T. Freeman and E. H. Adelson, “The design and use of steerable
of uniformly rotated images arriving from different objects or filters,” IEEE Trans. Pattern Anal. Machine Intelkol. 13, no. 9, pp.

scenes. Using our method one can construct an optimal linear 891-906, 1991.
basis without performing the Singular Value Decomposition on [6] E. Lundstrom, “Singular value computations for toeplitz matrices and

. . . . subspace tracking,” Ph.D. dissertation, Linkdpings Univ., Sweden,
the whole set of images or their covariance matrix. Instead, we ~ Jgop 9 ! on, LiNkGpings L., SW

show that the system can be solved by operating on a set 0f7] R. M. Gray, “Toeplitz and circulant matrices: A review,” Stanford Uni-
smaller eigenproblems of ordét, where P is the number of versity, Tech. Rep., 2000. _
t lat tt t. Sidei I i [8] D. Ballard,Natural Computation Cambridge, MA: MIT Press, 1996.
em_p a eS_We wantio represent. _' & usua ysm.a iIncom- [9] B. Jahne, H. HauRecker, and P. Geilller, EHsndbook of Computer
parison with the total number of imageB { N), this method Vision and Applications New York: Academic, 1999.
offers a similar improvement as the method in [4] in the case oft0] €. Sltg;”%ghfgggﬂete cosine transforr8/AM Rey.vol. 41, no. 1,
. . pp. —147, .
a single image. ) o ) [11] S. Rjasanow, “Effective algorithms with circulant-block matrices,”
Furthermore, the method provides an insight in the calcula-  Linear Algebra Applicat.vol. 202, pp. 55-69, 1994.
tion of the Karhunen—Loéve expansion for sets of rotated terl2] V. Sanchez, P. Garcia, and A. M. Peinado, “Diagonalizing properties of
. . . the discrete cosine transformiEEE Trans. Signal Processingol. 43,
plates; by following the procedure, it can be proven that, also bp. 2631-2641, Nov. 1995.
for the set of several rotated templates, the final eigenvectors afes] S. Nayar and T. Poggio, Ed€arly Visual Learning  Oxford, U.K.:
composed by locally varying harmonic functions. Once known,  Oxford Univ. Press, 1996. _ _
h . iv b loited i d 14] M. Arta€, M. Jogan, and A. Leonardis, “Incremental PCA for on-line
these properties can easlly be exploited in order to ease the visual learning and recognition,” iroc. ICPR 2002vol. 1, 2002, pp.

recognition or enable scale invariance. 781-784.
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