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x2+y2 ==
2 2
A(x-u)°+C(y-vVv)° ==

x2+y2 =1

2

A(-u+x)?+C (-v+y)?=

Solve[x? +y? =1, y]
({y> VT ), {y> VT )

Solve[A (x—u)2+C (y—v)2 =1, y]

Cv-4C-ACu2+2ACux-AC x2 Cv+yVC-ACuZ+2ACux-AC x2
{y~ - oy~ . 1

Pathy -» -V1 -x2

A(x—u)2+C(y—v)2==1/.y_,_—\/1_x2

A(-u+x)?+cC (—v—\/l—x2)2::1

2
ExpandAll[A (-u+x)?+C (_v_\/l_xz) = 1]
C+Au2+Cv2—2Aux+Ax2—Cx2+2CVN/m::l

C+Au?+Cv?-2Aux+Ax?’-Cx?+2CvV1-%x2-1-=

—1+C+Au2+Cv2—2Aux+Ax2—Cx2+2Cvx/l—x2 =0

-1+C+Au?+Cv?-2Aux+Ax?-Cx%?=-2CvV1l-x2

~1+C+AU?+CVv2P-2RAux+Ax%>-Cx?= —2Cvx/l—x2

Collect[-1+C+Au?+Cv?-2Aux+Ax?-Cx?, x] =-2CvV1-x2

~1+C+Au?+Cv?P-2Aux+ (A-C)x?=-2Cv+1l-x?

-1+C+Au?+Cv?-2Aux+ (A-C)x%>=-2CvV1-x2 //.
{Au->R, Cv->Q, (A-C)-»>M, —1+C+Au2+Cv2—>N}

N-2Rx+Mx? ::—2Q\/l—x2

1 S
Expand[E (N—2Rx+Mx2)] = —\/l—xz

+

20 Q 29

N R M x? —
N X X —-—\/l—x2
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Pathy -» V1 - x2

A(x—u)2+C(y—v)2==1/.y—)

A(-u+x)?+C (—v+m)2::1

ExpandAll[A (-u+x)24+cC (—v+‘\/1 - x2 )2 == 1]

1-x2

C+Au’+Cv?-2RAux+Ax?-Cx?-2Cvyl-x2 =1

C+Au?+Cv?-2RAux+Ax?’-Cx?-2CvV1l-x2-1-=

—1+C+AU’+CvVv?P-2RAux+Ax?-Cx?-2Cvyl-x2 =0

-1+C+Au?+Cv?-2Aux+Ax®’-Ccx?==2Cv

1-x2

~1+C+Au?+Cv?P-2Aux+Ax%-Cx? ::2Cv\/l—x2

Collect[-1+C+Au?+Cv?-2Aux+Ax?-Cx? x] ==2Cv

~1+C+Au?+Cv?P-2Aux+ (A-C)x?=2Cv+1l-x2

-1+C+Au?+Cv?-2Aux+ (A-C)x?=2CvV1l-x2//.
{Au->R, Cv->Q, (A-C)>M, -1+C+Au?+Cv?->N}

N-2Rx+Mx% =201 -x2

1
Expand[z—Q— (N—2Rx+Mx2)] ==

M x2

1-x2

1-x2

N R x

= - _ %2

56 o " g V¥
Part Il

N Rx Mx?

- =-1V1-x2

290 Q 290

N Rx Mx? —

s A )

20 0 20 Vi-x

N Rx Mx?

_ =V1-x2

29 Q 29

{R->Au,

Q->Cv,

M->(A-C),

N->-1+C+Au?+Cv?}
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N Rx Mx?)?

ExpandAll[ _ - + =1 —xz]
20 Q 29
N? NRx MNx? R?x? MRx®> M?x* 5
— + + - + =1-x
402 Q2 2 0? Q? Q2 402
N? NRx MNx? R2x? MRx3 M2x* )
Collect[ - + + - + -(1-x), x] =
402 Q2 2 Q2 02 02 402
o, N NRx 1. MN R® X271\/1Rx3+M2x4 _
4 Q2 02 2 02 02 02 4 Q2 -
402 N? NRx MN R*) , MRx® MZx*
Collect [Expand| -1+ - + |1+ + — | x% - r——1], %] =
M2 4Q2 Q2 2Q2 Q2 Q2 4Q2

N2 40?2 4NRx 2N  4Q* 4R?) , 4RX3 B
—_— - - ——— 4+ — | X° - +x* =0

M2 M2 M2 M M2 M2 M
N2 4Q®* 4NRx 2N 40> 4FR? 4Rx3
_——_— 3 + + x? - +x4=0//.
M2 M2 M2 M M2 M2 M
N2 497 4NR 2N 40> 4FR? 4R
—_ = -»d, - - c, + + —)b,———>a}
M2 M2 M2 M2 M
drcx+bx?+ax’®+x?=0
Quartic equation
4R
{a->-—,
M
2N 4Q? 4R?
b -> + + ,
M M2 M2
4NR
c - - ’
M2
N2 402
d-> — - }
M2 M2

a
ExpandAll[d+cx+bx2+ax3+x‘1 =0/.x->y- —‘1—]

3a? a’b ac a’y aby 3a’y

- - +d - - by?+y*=0
256 16 g 97T 2 Y g oYY
3a* a’b ac a’y aby 3a%y?
Collect|- + - — +d+ - +CvV - +by?+y4, -
[256 16 4 8 y Y +y*, v
3a* a’b ac a® ab
- + - — +d+ | — - +C
256 16 4 8 2 8

- P
256 16 4

3a? a?b ac [ 3  ab ]
+d+

3a? a®> ab 3a? a?b ac
{— +b| »e, | — - +c|>f, -—— + - +d—>g}
8 8 2 4

g+fy+ey?+y?=
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Quartic - part i

FullSimplify| 32 bl /. { 1R pos 2N 4’ 4R2}]
u implify| |- + .1ja->-——, b -> + +
8 M M M2 M2
2MN+ 4 Q% -2R?
M2
a® ab 4R 2N 4Q?> 4R? 4NR
FullSimplify[|— - +e| /. {a->-—, b-> + + , C-> - H
8 M M2 M2 M2
8 Q%R
M3
3at a?b ac
FullSimplify|[- +— - +d /.
256 16
4R 2N 4¢0? 4 R? 4NR N2 4 Q?
{a—>——,b—> + + , C=> - , d-> — - }]
M M2 M2 M2 M2 M2

M? (N? -4 Q%) —2MNR? + 4 Q% R? +R*
M4

g+fy+ey2+y4 ==

g+fy+ey?+y?=

Cubic equation

2MN+4Q%-2R?

{e -> ’
M2
8 0?R
£-> ,
M3
M2 (N2 -40%) -2MNR?+ 4Q?R? +R*
g-> o

x—>y——2—//. {a—>—4—;-}

LR
X > — +
M Yy

h®+2eh?+ (e2-4qg)h%2-£2:=20/. {2e>a;,, (e2-4g) »a;, -£f%2 > ag}
h®+ap+h%a; +h%a, =0

h®+ag+h?a; +h*a,==0/. {h? 5 s, h* 5 s?, h® » s3}
s?+ag+sa+s?a, =0

{ao -> -£7,

a; ->e?-4g,

a; ->2e}

Cubic equation should be solved by using one of techniques available...
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Original roots

(R->au,
Q->Cv,
M->(A-C),
N->-1+C+Au?+Cv?,
2MN+40Q?-2R?

e -> 14
M2

8 QR
£ -> ,

M3

M? (N2-40Q?) -2MNR? + 40?R? + R*
g-> ;

M4

4
x—>y——2—/.{a—>——MR—}

xeRJr
My

h?o5s
h? > s
Solve[h? == s, h]

{{h--vs}, {n>+s}}

2 £
e+h- —
h

Wi, - VS—4j /.j—>

Wle\/—Z (e—%+h2)+s

2 £
4g . e+ h”® - =
W .[s-— /.F-> ——
j 2
8
Wz%\/—einghzﬁ-S
(-h+Wp) +R
X1 -> 2
M
(-h;Wl) +R
X2 ->
M
(h+Wz) +R
X3 => 2
M
(h-2W2) +R
Xq4 —->
M
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Special cases

= [M|>1
g+fy+ey?+y*=0

2MN+4Q?%-2R?

e -> 14
M2

8Q%R
£ -> ,

M3

M? (N?2-40Q%) -2MNR? + 40Q?R? +R*
g ->

M4

g+fy+ey?+y*=0/.

2MN+4Q%2-2R? 8 Q%R M? (N2 -40Q?) -2MNR? + 40?R? +R* t
{e-> , £-> , g-> sy —}
M2 M3 M4 M
2 2 _ 2y _ 2 2 p2 4 2 2 _ 2 2 4
out ra1- M (N2-40%) -2MNR?+40Q° R +R*  8Q?Rt ~ (2MN+40°-2R%) 2 %
M4 M4 M4 M4
R t

In[9]:= X>» —+y/.y~» —
M M

Out[9]= X > B +
M

=t

m u==0 and v==

x2+y2 =1
A(x—u)2+C(y—v)2==1/. {u->0, v-> 0}

x? +y2 =1
A x? +Cy2 =1
Solve[ExpandAll[Ax?+Cy? =1 /. y? > 1-%%*], x]

{{x-Y25), {2 22 ))

X > ——
Ja-c¢

m U==

x2+y2 =1
A(x-u)2+C(y-v)2=1/.u>0

x2+y2 =1
Ax?+C (-v+y)? =

Solve[x2 + y2 =1, y]

({y>-V1=}, (1))
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ExpandAll[—l +Ax2+C(-v+y)2=0/. y—)—'\/l_xZ]
—1+C+CVvP+Ax°-Cx*+2Cvy1l-%x2 =0

-1+C+Cv?+ (A-C)x2+2CvV1-%2 =0//.{Cv>Q, (A-C)->M, -1+C+Cv% >N}

N+Mx?+20+1-x2 =0

ExpandAll[ (N+Mx?)” = (—ZQW)Z]

N? + 2 MN x? + M? x% = 4(22—4Q2 x?

Collect[N? + 2MNx? +M? x* - 402 +4Q? %%, x] =
N% - 40Q%+ (2MN+4Q2) x>+ M x* =0

N2-40Q%+ (2MN+40Q?) x2+M?x*==0 //.
{(N>2-402>5c, (2MN+40Q?%) »b, M 5 a, x2 5 s, x5 52}

c+bs+as®=0

Solve[c+bs+as? =0, s]

({s- b-+p2-4dac 1 (s b+vVb2-4dac 1

2a 2 a
-b-vb2-4 -b+Vb2-4
{{s—> > a ac }, {s—> * >a ac }}/.b2—4ac—>D1

[{s> ﬂ}, (s> ﬂ}}

2a 2a
FullSimplify[D; -> ExpandAll[b%?-4ac /. {a->M?, b-> (2MN+40Q?), c->N?-40%}]]

D; - 16 Q2 (M (M+N) + Q?)

-b- \/D1

PowerExpand[{{s - } {s - }}

{D1 » 16 Q% (M (M +N) +Q2), a->M?, b-> (2MN+4Q2)}]

_ _ _ VM (Mt N) + Q2 _ _ ~/
HS% 2MN-40%2-40Q M+ N +Q2} {S% 2MN-40%+4Q+M (M+N) + Q2 }}

2 M2 2 M2

-2MN-4Q2-4Q0+VM (M+N) +0Q2
{{s- }
2 M2

-2MN-40?+4QVM (M+N) +02

2 M?

{s~ }} /- M M+N) +Q* 5D

({s —2MN—4\/‘Q—4Q2} (s —2MN+4\/_]5Q—4Q2}}

2 M2 2 M2

_2MN-4+/D 0-40?2 —2MN+44/D Q-402
PowerExpand[x—»\/: /. {{s—> PyY }, {s—> 2 }}]

(x \/ 2MN-4+/D Q- 40Q2 J 2MN+4+/D Q- 4Q2}
, X >
2 M 2 M
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{@->Cv,
M->(A-C),
N->-1+C+Cv?,
D->M (M+N) +0Q?}

m V==
x2+y2 =1
A(x-u)2+C(y-v)2=1/. {v>0}
X2+y2 =
A(-u+x)2+Cy?=1
Solve[A (—u+x)2+Cy2 =1/.y*>1-%%, x]
Au-VA-C-AC+C2+ACuU? Au+VA-C-AC+C2+ACuU?
{{x~ bo{x- H
A-C A-C
m A-=C

{R->Au,
Q->Cv,
M->(A-0C),
N->-1+C+Au?+Cv?}

M->(A-C) /.A>C

N Rx Mx?
—Q-- + =vY1-%2 /.M>0

2 o) 20
N R x
2 _ %2
20 0 \/l X
Rx\?
ExpandAll[(————) =1-x7]
29 Q
N? NRx R?x? 5
=1-x
4 Q? Q? Q?
N? NRx R?x? )
Solve[ - + =1-x°, x]
492 Q2 Q?

NR-V-N2Q2+40Q%+4Q2R2 NR+V-N2Q2+40%+4Q2R?
{{x~ bo{x- H
2 (07 + R?) 2 (07 + R?)
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NR-V-N2Q2 + 40 + 4 Q2 R? NR+V-N2Q2 + 404 + 4 Q2 R? /)
- , - .
{{= 2 (TR b {x 2 (T 1}

1 1

-2}

2 (Q2+R2) F

{-N*Q®*+4Q*+4Q°R? > D,

[{x- ﬂ}, [x- M}}

F F

m A==C and u==0 and v==0 (F==0)

x2+y2 ==
A(x-u)2+C(y-v)2=1/.{A>C, u>0, v-> 0}

X% +y? =1
cCx?+Cy?=1
y2 = 1- %2
Cx?+Cy?=1/.y*->1-x°
Cx?+C (1-x%) =1
Solve[Cx?+C (1-x3%) =1, x]

{3
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